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X+y+z=1= x+y=l-z,y+z=1-x, x+z=1-y
X +y +27+3x* (1-x)+3y* (1-y)+32° (1 -z) + 6xyz =1
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Xyz=§ diny
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Problem ( a0)

If a, b, ¢, d and e are real numbers where: a+b+c+d+e=8and
a’+b>+c?+d>+¢e? =16, then determine the maximum and the minimum

value of a.




Solution 1

a+b+c+d+e=8 = b+c+d+e=8-a

Let x be the arithmetic mean (AM) of b, ¢, d, and e. Then,
= b+c+d+e - X:8—_a
By the inequality between the RMS (the root mean square) and the AM
we get b’ +cid +e’ . 8-a
4 4
b? +c? +d* +¢? . (8-a)’
4 16
8-a)’
4

= b+t +d*+e* >

8—a)’
= a?+b*+ct+d*+¢e? 2a2+—( )

8—a)’ )
= a2+ﬂ <16, since a*+b*+c*+d* +e* =16

8_ 2
az+ﬂ <16 = 5a*—-16a <0

= S5a(@a-16) <0= a €|:0, %}
Hence, the minimum value of a is zero and the maximum value is —.

Solution 2
a+b+c+d+e=8 = b+c+d+ec=8-a
Let x be the arithmetic mean (AM) of b, ¢, d, and e. Then,

b+c+d+e 8—a
X=——— and x=——
4 4

Let b=x+b,, c=x+c, d=x+d, and e=x+e¢,
b+c+d+e=4x+b, +c, +d, +¢, and x:w
b+c+d+e=b+c+d+e+b +c,+d +e,=b,+c,+d, +¢,=0
a’+b*+c’ +d’ +e¢’ =16
=a’+(x+b) +(x+¢,) +(x+d)’ +(x+¢,)" =16

=a’ +4x> +2x(b, +¢, +d, +e)+b’ +c’ +d’  +e =16

=a’+4x’ +b’ +¢ +d’> +e’ =16




—a’+4x°<16 and x:SjTa

2
88—
332+4(Taj <16 = Sa(a—16) <0

= a e[o, E}
5

Problem (& 35,b) deals!] dixl)
The questions (1 and 2) are independent.
Let a, b, and c three positive real numbers such that abc=1.

1) Prove the inequality: (a+b)(b+c)(c+a)=8.

1 1 1 3
>

2) Prove the inequality: + + >
a’(b+c) b'(a+c) c(a+b) 2

Solution

1) By the inequality between the arithmetic mean and the geometric

mean, we obtain a+b22\/£
b+c>2bec b = (a+b)(b+c)(c+a)> 8a’b’c’ =8abc =8.
c+a22\/£

Another method:
A=@+b)(b+c)(c+a)= (ab +ac+b’+ bc)(c +a)
=abc+ac’ +b’c+bc’> +a’b+a’c+b’a+bca

[c b ¢ a a bJ
=2+abc| —+—+—+—+—+—
b a a ¢c b c

:2+(E+E)+(E+ij+(£+ijz8,(forx>0,x+122)
b ¢ a b a c X

1 1 1 1 (b¢ a'c a’b’

== += = = > + +
a’(b+c) b’(a+c) c’(a+b) (abc)’{ b+c a+c a+b
bc a’cd  a’b’

= + +

b+c a+c a+b

2)S

1Y (1Y (1Y

_bc  ald  ab’ _(a) +(b) +(C)
111 1 1 11 1 1 1 1 1°
B
c b a ¢ a b ¢c b a c¢c a b




1 1 1 2 2 2
Let: Xx=—, y=— and z=—. Then, S= X + Y + z .
a b c Yy+Z X+Z X+Yy

By Cauchy-Schwarz inequality, we get
(al2 +a’ +...+af) (bf +b? +...+bi)2(alb1 +a,b, +..+a,b, ).
. y z
With a, = a, = eta, = .
X+2Z o fx+y

(al2 +a’+a’ ) (b2 +b’ +b’ ) >(ab, +a,b, +asb, )2

3

<
?x
N
0

2 2 2
:>[ X + Y + z (2x+2y+ 22)2(x+y+ z)2
Vy+7Z X+7Z X+Y

| W

:>SZ%(x+y+ Z)Z

o | W

3xyz =

&wdigll (o Jiluo
(aujspall dxaloll &) &iwo
B3l oblgy Edis ABC
& dsdlghl dyoly)l Chaie J] dewdl oyl ABC Eldial) plisyl JSU juss
(A Dol hate ] Al onbas yumi A (o yolall glas W dewidly 1)
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(Ceva) lirw & )5 s 03] cdlads § gblis (C))s (BD)s (AG) Olelds,Yl

sin(£BAG) " sin(£ ACJ) " sin(ZCBI) 1
sin(ZGAC) sin(£JCB) sin(ZIBA)

i ABC Eil blg) Sliate I J) deucdly LBLII e

@D

sin(£BAG) =sin(£K AC) ; sin(£GAC) =sin(£BAK)
sin(£ACJ) =sin(ZLCB) ; sin(£JCB) =sin(ZLCA)

e dass (1) § pe=dly
sin(ZK AC) o sin(ZLCB) y sin(ZMBA) -1
sin(ZK AB) sin(LLCA) sin(£LMBC) B

0 dhais § mblan W OlelasyVl Ol ble diag
(A syl Chaie ) dedll ,BLd) ows) ZCBO=2CBM = ZABI
(Olgslice ACTs ABI GLLL) ZABI= ZACT

o)) Z/CBO = /CBM = /ABI= /ACJ
(2) ZACJ=/LCB=/0CB

(C dyslyll s ] dadlly 5] o)

33)

okl goluze OBC Eill ding ZCBO= ZOCB Ol gty «(2)s (1) e
O dudy)l died

0 s I died bl g9l OACs OAB yilill (o 35 O Jibl (p050

Cdill dal) 8,311 5558 o O dhaddl JWhy OA = OB = OC i priiis
ABC

(1j=J1) Wiwo
3825 Iy BC dshill s g5 Il D dhaidl s lilie ABC oS

BE _ 5 Cao AB dshadl] s E dhidl as ikl B2 3
EA DC
[AEF]

anc] Nk dad uz F dhidl § CEg AD Olagdiand] gblisy




J=JI
[ABF]=%X[AEF]=3[AEF] aiog F dladdl § £1a5)Y) juis ABFg AEF oyilial)

[BFC] [ABC] . .
[Foc] ~ [anc] " e

[ABC]-[BEC] e T
TADC] D] =4SSO O s 03
[AB

[AFC]= ][AEF] raz bl

luad 6,51 8,0

[AEF] 1 |
[aBC] ~ 27 ]

[AEF] +[AFC]=2[AEF] SJg

&
Ne)
o]
g——"
G,
g
I

.J=dl AR R
(aul) dluo

A

.CD glall Chatie § g5 dais E.AD//BC 48 £l JS& ABCD (a)
ABCD )l Sl dolus aas g9lus ABE Clill doluss O 2y
oo dais M .alelasy as BB' LA duly 8Ll gslute ilie ABC (b)
Jlstl s AC AB ekl e 0bsgas Olhiuws K9 H BC glall
.BB'=MH + MK & o3
J—JI
DE=CE=2CD 3} CD glall hasia E S Ls (2
AACD dolus (hal = ADAE  dolua (3]
e Jazs gezdly
(ABDC dolus + AACD d>luw) Ciad = ACBE d>lue + ADAE  dolus

ACBE 45lus + ADAE d>lus 53] ¢ AABD dolus = AACD dolus O Les




dolus + AABD dolus 1 Loy (ABDC dolus +AABD doluw) Chal =
O3] AABE d>lus = ACBEds>lus + ADAE dolusy ABCD d>lus = ABDC

.ABCD dolun a’ = AABE doluww

A ZACB=ZABC 3] (8Ll soluze ABC O Lg (b)

Olilie y=ws MKC. BB'Cc BHM GLlbl O Le
Jlstl A HB' K 5 a6

MC = ME 03] ginc = MK MKC Skl § 03]
sin MC N
‘ BB
o3 sinC=—— BB'C cLdl @
B M c BC 8
BB'=BCsinC
BM =——- 03] sinB =sinC = MM prMm Cdid) @
sinC BM =

—— +— sinC
sinC sinC

BB'=HM + MK (3]

BB'=BCsinC = BB'=(BM + MC)sinC = BB' =(

Problem (o y=t)

Let ABCD a convex and cyclic pentagon (inscribed in a circle (®)). We
suppose that the segment AB is not a diameter. We consider the following
points: {F} =(AB) ~(EC) and {H}=(AB)~(ED)

K is the point of intersection of the line AE and the line parallel to the
line BC passing through F.

] is the point of intersection of the line BC and the line parallel to the line
AE passing through F.

M is the point of intersection of the line AE and the line parallel to the
line BD passing through H.

L is the point of intersection of the line BD and the line parallel to the
line AE passing through H.




Show that NF = NH and that N is the intersection point of the lines K]
and ML.

Solution
The triangles AKF and FKE are similar, indeed:
They have a common angle and #AFK = ZBFK = ZCBF = £ AEC = Z/KEF

(Since (BC)//(EF) and ABCE is cyclic). So,
%:%@KFZ = KAxXKE =Pow,, (K) (1)
Similarly, the triangles JBF and JFC are similar. Then,
I
JC JF
Therefore, if we consider (F) asa point circle (of radius 0), Pow )= JF?

S JF? =JCxJB=Pow (1) (2)

According to (1) and (2), the line KJ is the radical axis of (®) and (F). g ;3{*\:5

Similarly, by the quadrilateral ABDE, we prove that the line ML is the
radical axis of (®)and (H).

We know that the three radical axes of the three circles (®), (F) et (H),
are concurrent or parallel. As they cannot be parallel, since AB not a diam-
eter, then the point N belongs to the radical axes of (F) and (H), so it is the

perpendicular bisector of the segment FH.

We deduce that NF = NH. 6




Problem (_pas0)

Let ABCD be a convex quadrilateral, O, and O, be the centers of the
two inner circles of AABC and ADBC respectively. The line O,0, intersects
the lines AB and DC at the points E and F respectively.

Suppose lines DC and AB intersect at P, and PE =PF. Prove that the
points A, B, C, D are concyclic.

Solution
PE=PF = ZPEF=_/PFE )
O, is the incenter of AABC.

ZEBO, = Z0,BC )
ZPEF=/0,0B-ZEBO, (3)

From (2) and (3) we get

ZPEF=,/0,0B-£0BC (4)
Similarly,
ZPFE=,0,0,C— ZLFCO, =£0,0,C—Z0,CB (5)
From (4) and (5) we get
£0,0B-/0BC=,0,0,C-/0,CB
£0,0B+20,CB=£0,0,C+Z0BC  (6)
£0,0B+20,CB+200,C+-0BC=2n (7
From (6) and (7) we get

£0,0B+£0,CB=m, so, the points O, O,, B and C lie in the same cir-

Z/BO,C=/BO,C
Z0,BC + Z0,CB=£0,BC + Z0,CB

ZABC + ZACB=ZDBC + £ZDCB
= ZBAC=/BDC

Therefore, the points A, B, C and D lie in the same circle.
Problem (3/,=)

Find the value of x and y from the figure:




Solution
3x+7y=360 (1)
1
Let O the center of the circle, we get x=180—-4y = ELAOC
x+4y =180 (2)

(1) and (2) give x =y =36
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Problem (_psac)
x>+ = 85113

Find all positive integers x, y which satisfy the system:
LCM(x ,y) =1764

Solution

Let GCD(x, y)=a then x=om and y=on.

{oczm2+oc2n2=32><72><193 {az(m2+n2):212x193
—>

omn =1764 omn =1764
= a=21
m’ +n’ =193 (m+n)’ =193+ 2mn
=
mn =84 mn =84

mn = 84 mn =84

{(m+n)2:361 {m+n=l9
= =
Hence, m and n are the roots of B> —19p+84=0.

:>(B—7)(B—l2)=0 =B=7o0r =12
—>m=7and n=12 or m=12and n=7
=>x=21x7=147 and y=21x12=252 or x=252 and y=252

Problem (dusut du =l Ol yLeY)

1) Compute the sum

\/1+l+L+\/1+i+L+i+ +\/1+L+ +;+L
12 22 1?2 22 3 1277 2019* 20207




2) If a, b, ¢ are positive integers less than 13 such that
2ab+bc+ca=0 (modl3)
ab + 2bc + ca = 6abc (mod13)
ab+bc +2ca =8abc (mod13)
Then determine the remainder when a +b + ¢ divided by 13.

Solution

1) For a positive integer n, we can write:

2 2
1+i+ 1 :(n +n+1) Therefore
n® (m+1)*> n’*(n+1)?
1 1 n’+n+1 1
I+—+ = =

n> (n+1)’ n@m+1) +n(n+1)

Hence the given sum is:

2019 l 2019 1 1 l
>+ )= [ l+————|=2020-——
= n(n+1) I n n+l 2020

2) As 13 is prime, we may multiply each equation bye (abc)™ :
2¢c'+al+b =0 (modl3) (1)
c'+2a'+b "' =6 (mod13) (2)
c'+al+2b'=8(modl3) (3)
Adding (1); (2); (3) we get:
4@’ +b ' +c ) =l(modl3) =a ' +b ' +c¢ ' =10(mod13) (4)
From (1) and (4) we get: ¢' =-10(mod13) = ¢~ =3(mod13) = c =9(mod13)
Similarly, we get: a=3(mod13);:b=6(mod13) = a+b+c=5(modl3)
Problem (&, 35,4/ deols) dizlll)
what are the last two digits of 97°" 2
Solution C
9777 =(100-3)"" )
=100""7 —(Cypy ) 10077 x 3+ (333 )10077 x 37 +.
+(Chy )100% 37 =377
Then 97°" =37 (mod 100) = 3 x 9°™** (mod 100)
Since then 9'° =1 (mod100) then 9" =37(mod100).
Therefore, the last two digits of 97" are 37.




/

Problem (4, 35,4 dyals dizell)

Let a,,a,,...,a,,a,,,,...,a, n reals numbers such that:

Vie{l...k}:a, <0and Vje{k+L...n};a, >0 and Zu:ai =0.
i=1

n
what is the sign of the sum Ziai ?
i=1

Solution
We have a, +a,+a,+..+a, +a,, +..+a, =0 (Linel)

a,+a,+..+a,+a,, +..+a, >0 (Line2)
(Line3

a,+..+a, +a,, +..+a, >0 Line3)
a, +a,_, +..+a, >0 (Linek)
a,, +a,,+..+a,>0 (Line k +1)

a >0 (Line n')

n

Adding all the lines, we obtain: a, +2a, +...+ka, +(k+1)a,, +..+na, >0
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Problem (§usct du =l Olyladl)

On a circular road having 21 bus stops which are equidistant from the
adjacent bus stops (immediate to the preceding and succeeding bus stops).

Considering each bus stop as a vertex, triangles are formed by joining the

vertices.

How many of them are acute angled triangles? How many of them are
right angled triangles? How many of them are obtuse angled triangles? How
many of them are acute equilateral? How many of them are isosceles?
Solution

Since this is a regular polygon with odd number of vertices, no two of the
vertices are placed diagonally opposite. So, there is no right-angled triangles.
Hence number of right-angled triangles is zero.

Let A be the number of the acute angled triangles. To form a triangle,

we need to choose 3 vertices out of the 21 vertices which ca be done in



21.20.19

C), = B 1330 ways. Since the triangles are either acute or obtuse,
we get: A+0=1330-
Let us find O, the obtuse angled triangles first.

Draw one diameter say passing Ayy A A

through A, . Now let us count A A:E./' T L., X Ay
all obtuse angle triangle on right " / | o : Ay
side of the diameter and having A f . x A
one vertex at A, . For these tri- Ay A ¢ O ' A)
angles we need two more vertices A, . e .';‘A o
out of A, to A,,. Which can be A | S8 7
selected by C;, ways. e '/ Ag |

Hence total number of obtuse As ;:“o) ‘ ; J; 1 on

11

angle triangles is 21C;, =945.
Now acute angle triangles: A=1330-945=385.

A triangle A;A A, is equilateral if A;;Aj;A, are equally spaced.
Out of A A,A;...A A, we have only 7 such triplets: A|AgA 5, A,A A
e AALA,,

Therefore, there are only 7 equilateral triangles.

Consider the diameter A OB where B is the point where A,O meets the
circle. If we have an isosceles triangle A, as its vertex, then A Bis the alti-
tude and the base is bisected by AB , this means that the other two vertices,
A, and A, are equally spaced from B. We have 10 such pairs. So, we have 10

isosceles triangles with A, as vertex of which one is equilateral.

Because proper isosceles triangle (not equilateral) with A, as vertex are
9, with each vertex A;, i€{L,2,...21} we have 9 such isosceles triangles. So,

total number of isosceles triangles but not-equilateral triangles are 9x21=189.




But the 7 equilateral triangles are also to be considered as isosceles. The total
number of isosceles triangles is 189 +7 = 196.
Problem (4, ;5,41 deolst) disxlll)

Given three cubes with integer edge lengths. If the sum of the areas of
all the faces is 564 cm”, what is the sum of the volumes of the three cubes?
Solution

Denote the edge lengths of the three cubes as a, b, and ¢, respectively.

We have 6(32 +b’ +02) =564. Then, a* +b* +¢* =94,

We may assume thatl<a<b<c<10 Then,3c¢*>a’+b* +c* =94.It fol-
lows that ¢* >31, s0 6<c<10, and this means that ¢ can be only 9, 8, 7 or 6.

o If c=9, then a2+b2=94-92=13. It is easy to see thata=2and b=3. So,
we get the solution (a, b, ¢)=(2, 3, 9), and the sum of the volumes of the
three cubes is a° +b* +¢* =2° +3° +9° =8+ 27 + 729 = 764 cm’.

o If ¢ =8, then a2+b2=94-82=30. This means that b > 4 and 2b2 > 30 it
follows that b=4or 5, so a’>=5or 14, in both cases a has no integer

solution.

o If ¢ =7, then a2+b2=94-72=45 It is easy to see thata=3 and b=6. So,
we get the solution (a, b, ¢)=(3, 6, 7), and the sum of the volumes of the

three cubes is3° + 6° + 7° = 586¢cm’.

o« If c=6,then So, a2+b2=94-62=58. S, 2b2 > 58, or b2 > 29. This means
that b > 6, butb > c =6, so b = 6. Then, a> =22, and a cannot be an in-
teger.

Problem ( as)
There are n points in the plane such that no three of them are collinear.
Prove that the number of triangles whose vertices are chosen from these n

. . 2
points and have the same area is not greater than g(n2 - n).




Solution

Let the number of such triangles be k.
C, C,
We count pairs (edge, triangle) such . .
that the triangle contains the edge. | |
| C
If the number of such pairs is P then A f i B
P =3k where each triangle has 3 edges. . .
C; C,

On the other hand for any edge AB

there are at most four points such that

the triangles they form with A and B triangles have the same area.

This is because those points have to be the same distance from the line

AB and no three of them are collinear.

Hence, P is at most 4 times the number of edges which is at most(zj.

n n
pg4[ ):3kg4( J
2 2

2 2
= k<Znm-1)==m*-n).
3 (n—-1 3( )
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Problem 1

1) Let x,y,zand t be positive real numbers, such that xyzt=1.

Prove that ——+—L 4+ L . 1 >,
1+x 1+y 1+z 1+t

2) Show that for all positive real numbersa, b, c and d,
a’ b’ ¢’ d’

+ + + <3.
a’+bc b’+cd c*+da d*+ab

Problem 2

Let ABC be an oblique triangle and H be the foot of the altitude passing
through the vertex A. We denote by I, ] and K the respective midpoints of the
segments AB, AC and IJ.

Show that the circle € passing through the point K and tangent to the
line AB atI, and the circle C. passing through the point K and tangent to the
line AC at ], intersect at a second pointK', and that H, K and K'are collinear.
Problem 3

Five youth A, B, C, D and E have taken part in a certain competition,
after which they will be classified in order of merit from the Ist to the 5th.

Before the competition, two persons X and Y tried to guess the rankings.



X thought that the ranking would be ABCDE
Y thought that the ranking would be DAECB
At the end of the competition and according to the final rankings, it was
revealed that:
« X didn't correctly guess any rankings of the participants, and moreover,
didn’t guess any of the orderings of pairs of consecutive participants.
Y guessed the correct rankings of two participants and the correct order-
ing of two pairs of consecutive participants.
Give the final ranking of the five youth in this competition.
Problem 4
We say that an integer greater than 1, is “arithmetic” if it can be written

as a sum of at least two consecutive positive integers (Examples: 5 and 12 are

“arithmetic”, indeed 5=2+3 and 12=3+4+5),
1. Prove that any power of 2 is not “arithmetic”.

2. Show that the numbers of the form 2*p;'py>..p are “arithmetic”, where
r>2 and p, p,, -.P; are odd prime numbers such that p <p,<..<p,, and

a,..- 0, are positive integers and « is a nonnegative integer.

3. Determine all the writings of 2020 as a sum of at least two consecutive

positive integers.

Probléme 1

1. Soient x,y,zet t des réels positifs tels que xyzt=1.

Prouver que L+L+L+L21.
1+x l+y 14z 1+t

2. Montrer que pour tous réels strictement positifs a, b, c et d,

a’ b’ ¢’ d’
5 +— +— e <3.
a“+bc b +cd ¢ +da d +ab




Probléeme 2
Soit ABC un triangle non rectangle et H le pied de sa hauteur issue de A.

Les points I, J et K désignent les milieux respectifs des segments [AB],
[AC] et [I]].

Montrer que le cercle C1 passant par K et tangent a la droite (AB) en I et
le cercle C2 passant par K et tangent a la droite (AC) en ] se recoupent en un

point K’ et que H, K et K’ sont alignés.
Probléme 3

Cing jeunes A, B, C, D et E participent a une compétition, suite a laquelle
ils seront classés par ordre de mérite du ler au 5éme. Avant la compétition,
deux personnes X et Y devinent, chacun, un classement possible des cing

participants.
X donne le classement suivant: ABCDE
Y donne le classement suivant DAECB
A la fin de la compétition et d’apres le classement final, il sSavere que :

o X n’a donné aucun participant dans son rang exact, et en plus il wa donné

aucune paire de deux participants consécutifs dans un ordre exact.

» Y a donné les rangs exacts de deux participants, et il a donné deux paires

de deux participants consécutifs dans un ordre exact.
Donner le classement final de ces cinq jeunes dans cette compétition.
Probléme 4

Un entier naturel supérieur a 1 est dit «arithmétique» s’il peut sécrire
comme somme d’au moins deux entiers naturels consécutifs et non nuls (Ex-

emples: 5 et 12 sont «arithmétiques», en effet 5=2+3¢t12=3+4+5).
1. Prouver que toute puissance de 2 nest pas «arithmétique».

2. Montrer que les nombres qui sécrivent sous la forme 2%pi'p3..p; sont



tels que P\ <p.<--<p,, et o,....a, sont des entiers naturels non nuls et ¢ est

un entier naturel.

3. Déterminer toutes les écritures possibles de 2020 comme somme

d’au moins deux entiers naturels consécutifs et non nuls.
P c
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X,y,z,t

4+ Z (y+z+t+yz+yt+zt+yzt)

_ Cyclic
24+ (x+y+z+t)+(xy+xz+xt+yz+yt+zt)+(Xyz+xyt+x2zt+x2t)

_A3(X+y+z+ )+ 2(Xy Xz +Xt+yZ+ yt+zt) +(XyZ + X yt+ X 2t + X 7t)
B 24 xX+y+z+t)+(Xy+xz+Xt+yz+yt+zt) +(Xyz+ X yt+ X Zt + X 71)
24+ 2(x+y+z+t)+(Xy+xZ+Xt+yzZ+ yt +7t)
2+ (X+y+z+0)+(Xy+XZ+Xt+yZ+ yt+27t) + (XyZ+ X yt + X Zt + X 7t)

2 2 2 2
.Xyzt =1 L:.“aJJ.t=d—;2=C—;y=b—;X=a—
ab da cd be

=1+ >1

d’ _1_1_02 _1_1_132__1_312 o
d* +ab 1+t ¢’ +da l1+z b* +cd l+y’a®+be 1+x
a’ b’ ¢’ d’ 1 1 1 1
2 T3 +t3 =3 =4- - - -
a+bc b +cd c¢c +da d +ab I+x 1+y 1+z 1+t
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Problem 1

6. Let X, Y,z and t be positive real numbers, such that x yzt=1.
1 1 1
+ + + >1.
1+x 1+y 1+z 1+t

Prove that

7. Show that for all positive real numbers a, b, ¢ and d,

a’ b’ ¢’ d?
> = += +— <3.
a~+bc b °+cd c"+da d +ab
Solution
Solution 1

xyzt=1, then, there are among the reals X, y, z and t, two reals, we say
x and y, such that Xy <I,
Xyl = l+x+y+xy<2+x+y
1 1 2+x+
= Xy

> >1
I+Xx+y+xy 2+x+y 1+X+y+Xxy
1 1 1 1 1 1
S>S—+—21 = + + + >1
I+x l+y I+x 1+y I1+4+z 1+t
Solution 2
X,y,z,t

| | | . Cyzd;c A+y)A+2)1+1)

+ + + =
I+x l+y I+z 1+t (A+x){+y)1+2z)1+1)

X,y,z,t

Z (1+y+z+t+yz+yt+zt+yzt)

— Cyclic
(I+x+y+xy)l+z+t+zt)

X, Y5zt

4+ +z+t+yz+yt+zt+yzt
>y yz+yt yzt)

_ Cyclic
24 (x+y+z+t)+(Xy+xz2+Xt+yz+ yt+2zt) + (Xyz+ Xyt + X 7t + X 2t)

A3+ Y+ ZH )+ 2(Xy +XZ+ X+ yZ + Yyt +2t) + (XyZ + X Yt + X 2t + X Zt)
24 (x+y+z+t)+(Xy+xz2+xt+yz+yt+7zt) + (Xyz+ xyt + x 2t + X 2t)

2+ 2(x+y+z+t)+(Xy+Xxz+Xxt+yz+yt+zt)
2+4(X+y+z+t)+(Xy+xZ+ Xt +yz+ yt +zt) + (Xyz + X yt + X 7t + X 7t)

=1+



x=i, y=ﬁ, z=i and t=d—2, We have xyzt=1I.
bc cd da ab
On the other hand,
a’ _a’+bc—bc 1 b’ 1 ¢ 1
a’+bc a’+bc  l+x b+cd 1ty c*+da  l+z
2
and d 1- ! . We get

d+ab 1+t
a’ b’ ¢’ d’ 1 1 11
=+ + + =4- + o + .
a’+bc b’+cd c’+da d*+ab I+x l+y l+z 1+t

2 2 2 2
Therefore, 2a + 2b + 2c + 2d <3.
a“+bc b +cd c +da d +ab

Problem 2

Let ABC an oblique triangle and H be the foot of the altitude passing
through the vertex A. We denote by I, ] and K the respective midpoints of the
segments AB, AC and IJ.

Show that the circle C, passing through the point K and tangent to the
line AB at 1, and the circle C, passing through the point K and tangent to
the line AC at J, intersect at a second pointK', and that H, K and K'are

collinear.

Solution 1




If the two circles are tangent at K, then their common tangent T at K will
intersect the lines AB and AC at two points, respectively, M and N, and we

would have:

/MKI=/MIK = /NJK = /JKN, hence MI[INJ that means ABIJAC,

what is absurd.

Let L be the midpoint of BC and H, be the intersection point of the lines
KK'" and BC.

Thenweobtain: LIK'K=/AIK = /ZLJK=/ABC and £JK'K=~/AJK.

On the other hand, K is the midpoint of AL and 1J, hence, the triangles
LJA and IK'J are similar.

We have #LH K = £JKK'=/AKJ=~/KLH,, Then KLH, is an isosce-
les triangle with vertex K.

As KA=KL=KH, and K is the midpoint of AL, we deduce that
H, A LH, L, this gives H, = H.

Solution 2 (& g=ud] du =l dSlod) (o bl doowe (g ISl (10)

A

W1=(BHI) , W2=(CHJ)
X=WIAW2, Y=HX~1I

We will prove that X = K>, Y = K




Similarly, ~ IXH=180-p
AIHI is the reflection of triangle IA] over IJ because IJ is midline

= 1J//BC

AHL1BC = AH 11
ZAlJ= B=ZAl = ZJIH = ZIBH =1Jis tangent to W1.

Similarly, IJ is tangent to W2.
HX is the radical axis of W1, W2,

Y eHX :>PWl(Y)=YI2 =PW2(Y)=YJ2 =YI=YJ
=Y=K
ZIXY =180—ZIXH =180—-(180-B) =

Similarly, ZJXY =y
Butf=ZZAIK =/IK'K , y=ZJK'K

And both KY are on the same side of IJ that doesn’t contain A because
ZIXJ=/IK'J=180—-a

and X, K'e (All) =X =K' = HXY =HK'K = K'eHK
Problem 3
Five youth A, B, C, D and E have taken part in a certain competition,
after which they will be classified in order of merit from the 1st to the 5th.
Before the competition, two persons X and Y tried to guess the rankings.
X thought that the ranking would be ABCDE
Y thought that the ranking would be DAECB.
At the end of the competition and according to the final rankings, it was
revealed that:
o X didn'’t correctly guess any rankings of the participants, and moreover,
didn’t guess any of the orderings of pairs of consecutive participants.
Y guessed the correct rankings of two participants and the correct order-
ing of two pairs of consecutive participants.

Give the final ranking of the five youth in this competition.




Answer: EDACB

Solution 1

The table below shows the rankings guessed by X and Y.

0 correct ranking

+ 0 correct ordering pair

2 correct rankings

+ 2 correct ordering pairs

According to Y, two among the pairs DA, AE, EC and CB are in cor-

rect order.

The pair DA can occupy one of the four positions: 1st 2nd or 2nd 3rd
or 3rd 4th or 4th 5th.

DA in the 1st 2nd position

There are 3! =6 possibilities to place other participants B, C and E, as

showing in the following table:

Decision
D A B C E No
D A B E C No
D A C B E No
D A C E B No
D A E B C No
D A E C B No




DA in the 2nd 3rd position

| 1" 3 | 4" I 5® ‘ Decision
B D A C E No
B D A E C No
C D A B E No
C D A E B No
E D A B C No
E D A C B Yes

Therefore, the final ranking of the five youth is EDACB.

Comments

o We can study the two other positions of the pair DA (3rd 4th and 4th
5th), it leads up to false propositions.

o A similar reasoning with one of the pairs AE and EC, leads up to false

propositions.
« A similar reasoning with the pair CB, leads up to a true proposition.

o Instead of considering the pairs, we can reason with the ranks, while com-

paring each proposal to the proposal of X and that of Y.
Solution 2
» We will use the conjecture of Y: DAECB
« We will consider the conjecture of X: ABCDE

From Y, we choose a participant that will be assumed in his exact rank,
to which a second participant is associated in his exact rank. In each case, the

two chosen participants are indicated in red.




We obtain:

D E A No
D C A E B No
D E A C B No
C A E B D No
B A E C D No
E A B C D No
E A D C B No
B A E C D No
E A D C B No
C A D E B No
B D E C A No
E D A C B Yes
Problem 4

We say that an integer greater than 1, is “arithmetic” if it can be written
as a sum of at least two consecutive positive integers (Examples: 5 and 12 are

“arithmetic”, indeed 5=2+3 and 12=3+4+5).
1. Prove that any power of 2 is not “arithmetic”

2. Show that the numbers of the form 2%.p{"p3?...pJ" are “arithmetic”, where
r>2 andp,, p,, ....p, are odd prime numbers such thatp, <p, <...<p,,

and o, ,...,o, are positive integers and (©) is a nonnegative integer.

3. Determine all the writings of 2020 as a sum of at least two conse-




Solution

4. x=2%:a E{l, 2,3, } (1 isn’t “arithmetic”).
Suppose x is “arithmetic”, then there are two positive integers m and n
such that x =2°=m+@m+D+...+(m+n).
x=m+(m+1)+..+(m+n)
< x=m(n+1)+ aEl)
< 2x=2m((n+1)+n(n+1)
<SS 2m+n)(n+1)=2x.
Qm+n)n+1)=2x =2%",
(2m+n)—(n+1)=2m-1 is an odd number, then 2m+n and n+1 ha-

ven’t the same parity.
2m+n and n+1 divide 2", what is absurd.

5. x=2"p" PPyt Py <Py <---<P;; T=2)

_ o -1
We choose n=p, —1, then m=2%p{"~"  p —plT

o Oy — o o, _1
(2m+n)(n+1)=[2(2 PP pY L pl —p‘z )+p1—1]-pl

1 N
=2""p.pr =2x.
Thus, x is “arithmetic”.

6. x=2020=22x5x101.
2x =4040=2°x5%101=(2m+n)(n +1).

2m+n and n+1 haven’t the same parity and 2Zm+n>n+1.

n I m ‘ The writing of 2020

n+1 I 2m+n

5 808 4 1402 402 +403 +404 + 405 + 406

8 505 7 1249 249+250+...+ 255+ 256

40 101 | 39 | 31 |31+32+33+..+69+70




Probléme 1

7. Soient X, ¥,z et t des réels positifs tels que xyzt=1.

Prouver que 1 + 1 + 1 + 1 >1.

1+x 1+y 1+z 1+t

8. Montrer que pour tous réels strictement positifs a, b,cetd,

a’ b’ ¢’ d?
> +— +— +— <3.
a-+bc b°+cd c"+da d +ab
Solution 1

xyzt=1, alors, parmi les réels X, y, z et t, il y a deux réels dont le pro-

duit est inférieur a 1.
Xyl = 1+x4+y+xy<2+x+y

1 1 24+x+y
= 2 = >1
l+x+y+xy 2+x+y 1+x+y+xy
1 1 1 1 1 1
> t—2>1 = + + + >1
l+x l+y l+x l+y l+z 1+t
Solution 2
X,¥.Z,t

. . | L Cyzd;c A+y)1+2z)(1+t)

+ + + =
I+x l+y l+z 1+t (+x)A+y)1+z)1+t)

X,y.z,t
Z (l+y+z+t+yz+yt+zt+yzt)
Cyclic
(I+x+y+xy)1+z+t+zt)
X 3.7t
4+ Z (y+z+t+yz+yt+zt+yzt)

_ Cyclic
24+ (X+y+z+t)+(Xy+xz2+Xt+yz+yt+27t)+ (Xyz+ X yt + x 2t + X 7t)

CAR3X Ay +z+ )+ 2(Xy HXZH XU+ YZ+H YU+ ZE) + (XyZ+ Xyt X 2L+ X 2L)
2+ (x+y+z+t)+(Xy+x2+Xt+yz+ yt+zt) + (Xy z+ X yt + X 2t + X 7t)

24 2(x+y+z+t)+(xy +xz2+xt+yz+yt+zt)

=1+

2+ (x+y+z+t)+(xy+xz2+xt+yz+ yt+zt) +(Xyz + Xyt + X2t + X 7t)
>1

a’ b2 2 . 2 o o
X=—, y=—, Z=— =—. xyzt=I.

be Y cd da ab Y



Dautre part,

a’ _a’+bc—bc_ . 1 b 1 ¢’ ]

a’+bc  a’+bc l1+x” b’ +cd l+y ¢’ +da l+z
d’ 1 .
et — =1-——.On obtient
d*+ab I+t

a’ b’ ¢’ d’ 1 1 1 1

> +— + +— =4- + + —
a~+bc b +cd c"+da d +ab I+x l+y l1+z 1+t

a’ b’ c’ d?
2 + 2 + 2 + 2 ﬁ
a“+bc b +cd c"+da d +ab

Par conséquent,

Probléme 2
Soit ABC un triangle non rectangle et H le pied de sa hauteur issue de A.

Les points I, J et K désignent les milieux respectifs des segments [AB],
[AC] et [I]].

Montrer que le cercle C1 passant par K et tangent a la droite (AB) en I et
le cercle C2 passant par K et tangent a la droite (AC) en ] se recoupent en un

point K’ et que H, K et K’ sont alignés.

Solution

Si les deux cercles sont tangents en K alors, leur tangente commune T en
K couperait les droites (AB) et (AC) respectivement en deux points M et N

et on aurait:




/MKI=/MIK = /NJK = ZJKN, par suite(MD||(NJ) cest-a-dire
(AB)|| (AC), ce qui est absurde.

On note L le milieu de [BC] et H1 le point d’intersection des droites
(KK") et (BC).

Onobtientalors: ZIK'K = ZAIK = ZLJK = ZABC et ZJK'K =~ZAJK.

D’autre part on a, K est le milieu de [AL] et de [IJ], par conséquent les
triangles LJA et IK'] sont semblables.

On aZLHK=ZJKK'=ZAKJ=ZKLH,, alors le triangle KLH, est
isocéle de sommet principal K.

Comme KA =KL =KH, et K est le milieu de [AL], on en déduit que
(H,A) L (H,L),ce qui donne H, = H.
Probléme 3

Cing jeunes A, B, C, D et E participent & une compétition, suite a laquelle
ils seront classés par ordre de mérite du 1 au 5™, Avant la compétition,
deux personnes X et Y devinent, chacun, un classement possible des cinq

participants.
X donne le classement suivant: ABCDE
Y donne le classement suivant: DAECB
A la fin de la compétition et d’aprés le classement final, il savere que:

X n'a donné aucun participant dans son rang exact, et en plus il na donné

aucune paire de deux participants consécutifs dans un ordre exact.

Y a donné les rangs exacts de deux participants, et il a donné deux paires

de deux participants consécutifs dans un ordre exact.
Donner le classement final de ces cinq jeunes dans cette compétition.
Réponse : EDACB.

Solution 1

Le tableau suivant donne les classements devinés par les personnes X et Y.



0 classement correct

+ 0 paire correcte

2 classements corrects

+ 2 paires correctes

Dapres Y, deux parmi les paires DA, AE, EC et CB sont dans lordre

exact.

La paire DA peut occuper l'une des quatre positions: 17 2°™ ou 2™ 3™
ou 37 4™ ou 47 57,
DA en position 1° 2°™

Il'ya 3! =6 possibilités pour placer les trois autres participants B, C et E,

comme l'indique le tableau suivant:

ler 2éme éme Décision
Non
Non

)
E
C
E Non
B
C
B

Non
Non
Non

R

oo g|g|lo|C
MmO 0w | w
Nlw | H w o0

éme éme
3

DA en position 2

2tme 5éme Décision

o

Non
Non
Non
Non
Non
Oui

o|o|/o|0|0C

A
O|lw|m w | m|0O
C-RNoNE--RE--RNoNN !




Ainsi le classement final des cinq jeunes est : ED ACB.
Commentaires

On peut étudier les deux autres positions de la paire DA (3" 4°™ et 4*™
5"), cela ménera a des propositions fausses.

Un raisonnement analogue avec I'une des paires AE et EC, aboutit a des

propositions fausses.

Un raisonnement analogue avec la paire CB meénera a la proposition

vraie.

Au lieu de considérer les paires, on peut raisonner avec les rangs, tout

en comparant le résultat de chaque cas avec la proposition de X et celle de Y.
Solution 2

On partira de la conjecture de Y: DAECB

On tiendra compte de la conjecture de X: ABCDE

A partir de Y, on choisit un participant quon supposera dans son rang

exact, auquel on associe un deuxieme participant dans son rang exact. Dans

chaque cas, les deux participants choisis sont indiqués en rouge. On obtient:

1 2 3eme 4" ] 5 ‘ Décision
D C E A B | Nom
D C A E B Non
D E A C B Non
C A E B D Non
B A E C D Non
E A B C D Non
E A D C B Non
B A E C D Non




5eme ‘ Décision

E A D C B Non

C A D E B Non

B D E C A Non

E D A C B Oui
Probléme 4

Un entier naturel supérieur a 1 est dit «arithmétique» s’il peut sécrire
comme somme d’au moins deux entiers naturels consécutifs et non nuls (Ex-

emples: 5 et 12 sont «arithmétiques», en effet 5=2+3 et 12=3+4+5).
1. Prouver que toute puissance de 2 nest pas «arithmétique».

2. Montrer que les nombres qui sécrivent sous la forme 2.pJ*p3>...p;* sont
«arithmétiques», our=2 et p;, p,, ....p, sont des nombres premiers im-
pairs tels que p, <p, <...<Dp,, eta,,...,a, sont des entiers naturels non

nuls et « est un entier naturel.

3. Déterminer toutes les écritures possibles de 2020 comme somme

d’au moins deux entiers naturels consécutifs et non nuls.

Solution

1. x=2%;avec o E{l, 2,3, } (1 nest pas «arithmétique»).
x=m+(m+1)+..+(m+n)

=3 x:m(n+1)+n(n—+l)

Sixes te deux entiers naturels non nuls m

etntels que < 2x=2m(n+1)+n(n+1)+n).

S (2m+n)(n+1)=2x

Cm+n)(n+1)=2x =2°‘“-.

2m+n)—(n+1)=2m—1 est impair, dou les entiers 2m+n et n+1

sont de parités différentes.




2m+n et n+1 divisent 2**!, ce qui est absurde.

2. x=2"p"p3*..p;" ; Py <P, <..<Pp, ; (r=2)

_p-1
2

o, -1__a,

On choisitn = p, — 1, alors m=2%p{" "p3*..p"

(2m+n)n+1) =(2(2°‘.pfLll Py ..p — plz_l) +p, —lj.p1
=2%"pi . p* =2x.
Dou x est «arithmétique».
3. x=2020=2>x5x101.

2x =4040=2° x5x101=(2m+n)(n +1).

2m+n et n+1 ne sont pas de méme parité et 2m+n>n+1.

n+l [2m+n| n m ‘ Lécriture de 2020

5 808 4,402 402 +403 + 404 + 405 + 406

8 505 71249 249+250+...+255+256

40 101 39 31/ 31+32+33+..+69+70
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Marking Scheme for problem 1
Question 1)
4 points for a complete and correct response.
Partial credit
Solution 1
(a) 1 point: to notice that Xy < 1.
(b) 1 point: to prove that L + L >1.
1+x = 14y
(a) and (b) are additive

Solution 2

(a) 1 point: to reduce to the same denominator.
(b) 1 point: to develop the numerator and the denominator.
(c) and (d) are additive
Question 2)
4 points for a complete and correct response.

Partial credit

aZ b2 2 2
a) 1 point: to poseX=—, y=—, z=— and t=—.
(@ 1p P bc Y cd da ab
(b) 3 points: ;2 ~a’+be-be | b 1 \
a’+bc  a’+bc l+x” b’ +ed 14y ()\
¢ 1 5 1 [
P - ~
¢ +da 1+z d*+ab 1+t :

(a) and (b) are additive
Marking Scheme for problem 2
10 points for a complete and correct response.
Partial credit
(a) 1 point: mention that the two circles are not tangent.

(b) 2 points: prove that the two circles are not tangent.




(c) 1 point: consider the points L and H1.
(d) 3 points: mention that the two triangles LJA and IK'J are similar.
(e) 1 point: prove that the triangle KLH, is isosceles.
(a) and (b) are not additive
Marking Scheme for problem 3

10 points for a complete and correct response.
Partial credit
Solution 1

(a) 2 points: to mention that among the pairs DA, AE, EC and CB , two
pairs are in the correct order.
(b) 2 points: to study the possible ordering for participants, for a position
of one pair among the pairs DA, AE, EC and CB.
(c) 3 points: to study the possible ordering for participants, for a position
of two pairs among the pairs DA, AE, EC and CB.
(a) and (b) are additive
(a) and (c) are additive
(b) and (c) are not additive
Solution 2
(a) 2 points: to give and justify the exact rank of one participant.
(b) 3 points: to give and justify the exact ranks of two participants.
(c) 5 points: to give and justify the exact ranks of three participants.
(a), (b) and (c) are not pas additive
Marking Scheme for problem 4

Question 1)
3 points for a complete and correct response.

Partial credit
(a) 1 point: x=m+(m+1)+...+(m+n)=m(n+1)+ n(n2+ 1)
(b) 1 point: 2% s the product of two integers with different parity.

(a) and (b) are additive



Question 2)
4 points for a complete and correct response
Partial credit
(a) 1 point: good choice of n
(b) 1 point: the value of m.
(a) and (b) are additive
Question 3)
3 points for a complete and correct response.
Partial credit
1 point: for each writing of 2020.
Baréme du probléme 1
Question 1)
4 points pour une réponse complete et correcte.
Notes partielles
Solution 1
1 point: remarquer que Xy < 1
1 point: prouver que L + 1 >1.
1+x = 1+y
(a) et (b) sont additives
Solution 2
1 point: réduire au méme dénominateur.
1 point: développer le numérateur et le dénominateur.
(c) et (d) sont additives
Question 2)
6 points pour une réponse compléte et correcte.
Notes partielles
a’ b’ ¢’ d’?

1 point: X=—, y=—, z=— ¢t t=—.
(a) 1 point: poser bc Y cd da ab




(b) 3 points:  a’ _az+bc—bc:1 1 b’ ]

a’+bc  a’+be l+x b +ed 14y
¢’ 1 d’ 1

Y L L S [

c +da l+z d +ab 1+t

(a) et (b) sont additives.
Baréme du probléme 2
10 points pour une réponse compléte et correcte.
Notes partielles
(a) 1 point: signaler que les deux cercles ne sont pas tangents.
(b) 2 points: prouver que les deux cercles ne sont pas tangents.
(c) 1 point: considérer les points L et H1.
(d) 3 points: mentionner que les triangles LJA et IK'J sont semblables.
(e) 1 point: prouver que le triangle KLH, est isoc¢le.
(a) et (b) ne sont pas additives.
Baréeme du probléme 3
10 points pour une réponse compléte et correcte.
Notes partielles
Solution 1

(a) 2 points: mentionner que parmi les paires DA, AE, EC et CB, deux

paires sont dans lordre exact.

(b) 2 points: étudier tous les classements possibles des participants, pour

une position d’'une paire parmi les paires DA, AE, EC et CB.

(c) 3 points: étudier tous les classements possibles des participants, pour

une position de deux paires parmi les paires DA, AE, EC et CB.
(a) et (b) sont additives
(a) et (c) sont additives

(b) et (c) ne sont pas additives




Solution 2
(a) 2 points: donner le rang exact justifié¢, d'un seul participant.
(b) 3 points: donner les rangs exacts justifiés, de deux participants.
(c) 5 points: donner les rangs exacts justifiés, de trois participants.

(a), (b) et (c) ne sont pas additives.

Baréme du probléme 4

Question 1)
3 points pour une réponse compléte et correcte.
Notes partielles

(a) 1 point: X=m+(m+1)+...+(m+n)=m(n+1)+n(n+l)

(b) 1 point: 2% est le produit de deux entiers de parités différentes.
(a) et (b) sont additives.
Question 2)
4 points pour une réponse compleéte et correcte.
Notes partielles
(a) 1 point: bon choix de n
(b) 1 point: la valeur de m.
(a) et (b) sont additives.
Question 3)
3 points pour une réponse compléte et correcte.
Notes partielles

1 point: pour chacune des trois écritures de 2020.
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